We present a new fast and efficient approach to model structure formation with Augmented Lagrangian Perturbation Theory (ALPT). Our method is based on splitting the displacement field into a long and a short-range component. The long-range component is computed by second order LPT (2LPT). This approximation contains a tidal nonlocal and nonlinear term. Unfortunately, 2LPT fails on small scales due to severe shell crossing and a crude quadratic behaviour in the low density regime. The spherical collapse (SC) approximation has been recently reported to correct for both effects by adding an ideal collapse truncation. However, this approach fails to reproduce the structures on large scales where it is significantly less correlated with the N -body result than 2LPT or linear LPT (the Zeldovich approximation). We propose to combine both approximations using for the short-range displacement field the SC solution. A Gaussian filter with a smoothing radius r S is used to separate between both regimes. We use the result of 25 dark matter only N -body simulations to benchmark at z = 0 the different approximations: 1st, 2nd, 3rd order LPT, SC and our novel combined ALPT model. This comparison demonstrates that our method improves previous approximations at all scales showing ∼25% and ∼75% higher correlation than 2LPT with the N -body solution at k = 1 and 2 h Mpc −1 , respectively. We conduct a parameter study to determine the optimal range of smoothing radii and find that the maximum correlation is achieved with r S = 4 − 5 h −1 Mpc. This structure formation approach could be used for various purposes, such as setting-up initial conditions for N -body simulations, generating mock galaxy catalogues, cosmic web analysis or for reconstructions of the primordial density fluctuations.
INTRODUCTION
Numerical simulations are now an indispensable tool to study cosmological structure formation. The Poisson-Vlasov equations describing the gravitational interaction of matter in an expanding Universe, are usually solved with a large number of test particles using so-called N -body codes (for reviews on this subject see Bertschinger 1998; Kuhlen et al. 2012) . The most extended numerical techniques are the tree codes (Barnes & Hut 1986 ) and the adaptive particle-mesh (PM) methods (Kravtsov et al. 1997; Teyssier 2002 ). An example for a hybrid tree-PM code is GAD-GET (Springel 2005) which uses the PM method to evaluate longrange forces and the tree method for short-range interactions. The forces between particles need to be recomputed in each time inter-⋆ E-mail: kitaura@aip.de, Karl-Schwarzschild-fellow val, requiring in total thousands of time steps to complete a single simulation.
Lagrangian Perturbation Theory (LPT) gives an approximate solution to structure formation by computing the displacement field from the primordial density fluctuations to the present Universe in one step (for a review see Bernardeau et al. 2002) . It has a wide range of applications in cosmology, giving an analytical understanding to structure formation (Zel'dovich 1970) . It is commonly used to set-up initial conditions for numerical N -body simulations (see Crocce et al. 2006; Jenkins 2010 ). Another field of applications is the reconstruction of peculiar velocity fields (see e.g. Mohayaee & Tully 2005; Lavaux et al. 2008; ) and primordial density fluctuations (see e.g. Mohayaee et al. 2006; Eisenstein et al. 2007; Kitaura 2013) . It can also be used to change the cosmology of N -body simulations (Angulo & White 2010) . The need for simulations to estimate uncertainties in cosmological parameter es- timations from large scale structure surveys has raised the interest in approximate efficient structure formation models, which can be massively used. See Scoccimarro & Sheth (2002) ; Monaco et al. (2002) ; Manera et al. (2012) for generation of mock galaxy catalogues; Tassev & Zaldarriaga (2012) for modelling baryon acoustic oscillations; and Schneider et al. (2011) to increase the volume of a set of N -body simulations with smaller volumes. An improvement to linear LPT is given by second order LPT (2LPT) including nonlocal tidal field corrections. However, this is known to be a poor estimator in high and low density regions, being strongly limited by shell crossing (Sahni & Shandarin 1996; Neyrinck 2013) . Recently, local fits based on the spherical collapse model have been proposed (Mohayaee et al. 2006; Neyrinck 2013) , which better match the mean stretching parameter (divergence of the displacement field) of N -body simulations. We propose in this work to combine the superiority of 2LPT on large scales with the more accurate treatment of the spherical collapse (SC) model on small scales including a collapse truncation of the stretching parameter, which acts as a viscosity term. Our algorithm splits the displacement field into a long-range and a short-range component, the first one being given by 2LPT and the second one by the truncated SC model. Both are combined by using a Gaussian filter with smoothing scales of 4-5 h −1 Mpc radii, being this scale the only free parameter in our model. This letter is structured as follows: in the next section ( §2) we recap LPT and the SC model. In section §3 we present our method. We then show ( §4) our numerical experiments comprising 250 simulations with various approximations. Finally ( §5) we present our conclusions.
THEORY
Let us define the positions of a set of test particles at an initial time ti by q and call them the Lagrangian positions. The final comoving positions x (called Eulerian positions) corresponding to the same set of test particles at a final time t f are related to the Lagrangian positions q through the displacement field, Ψ:
Hence, the displacement field encodes the whole action of gravity during cosmic evolution. An approximation is to consider that the displacement field is a function of the initial conditions only, and can be described by straight paths. The various models consider the relation between the divergence of the displacement field and the linear initial field:
, where ψ is the socalled stretching parameter. Let us call the previous equation the stretching parameter relation. Lagrangian Perturbation Theory to third order yields the following expression for curl-free fields (see Buchert 1994; Bouchet et al. 1995; Catelan 1995) :
b , where D1 is the linear growth factor, D2 the second order growth factor, {D3a, D 3b , D3c} are the 3rd order growth factors corresponding to the gradient of two scalar potentials (φ
. Particular expressions can be found in Bouchet et al. (1995) and Catelan (1995) 
1 . The term δ (2) (q) represents the 'second-order overdensity' and is related to the linear overdensity field by the following quadratic expression:
The potentials φ (1) and φ (2) are obtained by solving a pair of Poisson equations:
The first term is cubic in the linear potential
and the second term is the interaction term between the first-and the second-order potentials:
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Keeping terms only to first order is called the Zeldovich approximation (Zel'dovich 1970) and keeping terms to second order yields the 2LPT approximation. Fourth order LPT has been recently worked out for Einstein-de Sitter Universes (see Rampf & Buchert 2012) . Based on the nonlinear spherical collapse approximation, developed by Bernardeau (1994) , Mohayaee et al. (2006) found a local nonlinear expression for the stretching parameter relation:
This analytic formula has been recently found to fit very well the mean stretching parameter relation from an N -body simulation (Neyrinck 2013) . The stretching parameter cannot be smaller than −3 in this approximation, considering that for the ideal collapse to a point we have ∇ · x = 0 and thus ψ = ∇ · Ψ = −3. We note the difference between using the relation for the comoving density field within the spherical collapse approximation (Bernardeau 1994) , which leads to infinite density in collapsed regions; and the displacement field derived from that equation, which we use here to suppress shell crossing and model low density regions (Mohayaee et al. 2006) . We also note that some theoretical studies have been done to improve LPT in the low density regime (see Nadkarni-Ghosh & Chernoff 2011).
METHOD
The method we present here is straightforward and computationally extremely fast. Our ansatz is to expand the displacement field Ψ(q, z) into a long-range ΨL(q, z) and a short-range component ΨS(q, z):
We will rely on 2LPT for the long-range component: ΨA(q, z) = Ψ2LPT(q, z). It is known that 2LPT fails towards small scales (see next section). Therefore, we propose to filter the displacement field resulting from the 2LPT approximation. We consider in this work a Gaussian filter K(q, rS)= exp (−|q| 2 /(2r smoothing radius.
The spherical collapse approximation yields an extremely good local fit to the mean relation between initial and final stretching parameters. However, as it does not take into account the nonlocal tidal component it dramatically fails on large scales. We will use this approximation to model the short-range component (ΨB(q, z) = ΨSC(q, z)):
One may improve the method finding better approximations for the long-range ΨA or the short-range ΨB components. We dub our method: Augmented Lagrangian Perturbation Theory ALPT.
NUMERICAL EXPERIMENTS
We benchmark different structure formation approximations by comparing them with the results from N -body simulations taking 25 randomly seeded initial conditions. The simulations were done with GADGET-3, an improved version of the publicly available cosmological code GADGET-2 (last described in Springel 2005), using 384 3 particles on a box with 180 h −1 Mpc side. The initial conditions were generated using the WMAP7 parameters (Komatsu et al. 2011) . We consider different approximations of Lagrangian Perturbation Theory: 1st/Zeldovich, 2nd and curl-free 3rd order LPT. We also use the spherical model (SC) (Bernardeau 1994; Mohayaee et al. 2006 ). Finally, we apply two improvements of the 2LPT model with ΨA(q, z) = Ψ2LPT(q, z). In the first one we include the ideal collapse limit in the 2LPT approximation: ΨB(q, z) = Ψ2LPTC(q, z). In the second one we additionally include the correction towards low densities using the spherical collapse model ΨB(q, z) = ΨSC(q, z). The relationship between the divergence of the displacement field and the linear overdensity field in various approximations is shown in Fig. 1 . The linear behaviour of the Zeldovich approximation is represented by the black line with slope of 1. The quadratic and the cubic behaviours of 2nd and 3rd order LPT can be clearly seen in the scatter plots, left and middle panels, respectively. These were computed based on the 10th sample of our set of simulations. The SC model represented by the green curve serves as a good proxy for the mean relation corresponding to the N -body simulation (see Neyrinck 2013 ). The right panel shows the combined model 2LPT-SC which has been computed by taking the divergence of the resulting displacement field from Eq. 7. This relation has several characteristics. The mean fits well the SC model towards low overdensities. We note that the SC underestimates the overdensities at low values of the stretching parameter. Our model reproduces the results of the Nbody simulation better in this regime (see Fig. 6 in Neyrinck 2013). The stretching parameter truncates at stretching values of about 3-4 simulating the collapse and suppressing shell crossing. The 2LPT-2LPTC model is similar to the 2LPT-SC, however, retaining the quadratic behaviour of the 2LPT model towards underdense regions. We move 256 3 particles forward in time using the different displacement fields presented here. Fig. 2 shows the results of the 2LPT models, classic and improved ones, as compared to the N -body simulation for the 10th sample. One can clearly see the strong shell crossing of 2LPT and how this is suppressed in knots and thick filaments in both improved models. A careful inspection shows also that the low density regions are better captured by the 2LPT-SC model than by the 2LPT-2LPTC overdensity fields. It 
Figure 3. Mean power-spectra for different structure formation models at z = 0 using the same set of initial conditions, black dashed: N -body simulation; blue: LPT/Zeldovich; red: 2LPT; gray: 3LPT; green: SC; black: combined 2LPT-SC approximation. The power-spectra include aliasing effects.
is remarkable how even small filaments which are present in the N -body simulation are also traced in the 2LPT-SC one. Another important characteristic of the improved 2LPT models is that they preserve power on large scales as opposed to the SC one (Fig. 3 shows the mean power-spectra of the 25 realisations for each approximation). The improved 2LPT model has more power towards small scales than 2LPT showing that nonlinear structure formation is better captured. Finally, we assess the quality of our approach by computing the cross-power spectra between the various approximations and the N -body solution. We find that our approach yields a higher correlation on all scales by choosing the appropriate threshold scale (see Fig. 4 ). We perform a parameter study to determine the optimal range of smoothing radii at z = 0 and find that the maximum correlation is achieved with rS = 4 − 5 h −1 Mpc (see right panel in Fig. 4 ). This result is in agreement with previous works which also found that 2LPT performs best down to scales of about 4 − 5 h −1 Mpc (see Kitaura 2013 ). When taking a smoothing scale of 6 h −1 Mpc we start to get slightly worse results than 2LPT on very large scales k < 0.4 h Mpc −1 . We note that the 2LPT-2LPTC model yields similar cross-power spectra to the 2LPT-SC model, indicating that shell crossing in high density regions reduces more dramatically the accuracy of 2LPT. We have checked that the 2LPT approximation with a collapse truncation does not improve the results of the SC model. In fact, including the collapse limit significantly degrades the cross-correlation with respect to the classical 2LPT model. At higher redshifts a smaller smoothing scale can be taken as the 2LPT solution becomes more accurate and the difference to the spherical collapse solution is reduced (see Fig. 6 in Neyrinck 2013) .
Furthermore, our results show that 3LPT does not improve the Zeldovich solution. We also find that the Zeldovich approximation performs better than 2LPT already at about k = 0.5−0.7 h Mpc 
) between the matter overdensity from an N -body simulation δ Nbody and the corresponding approximation δapprox: 1st/Zeldovich (blue), 2nd (red), 3rd (gray) LPT, SC (green) and the combined 2LPT-SC (black) model. On the left: The mean cross-power spectra are given by the solid lines, the dashed line represents the 10th realisation of our set of simulations, the 1 sigma contours are given by the corresponding light shaded regions. The 2LPT-SC model was computed with a threshold scale of r S = 4 h −1 Mpc. On the right: same as left panel including the mean cross power-spectra for the following smoothing radii: r S = 3, 4, 5, 6 h −1 Mpc (dotted, solid, dashed-dotted and dashed, respectively).
CONCLUSIONS
We have presented a new approach to model structure formation: Augmented Lagrangian Perturbation Theory (ALPT). Our method is based on splitting the displacement field into a long-and a short-range component, given by 2LPT and the spherical collapse approximations, respectively. These are the advantages of our method:
• It fits very well the relation between the divergence of the displacement field and the linear overdensity field.
• It considerably enhances the cross-correlation on all scales between the N -body solution with respect to previous approximations like the 1st (Zeldovich), 2nd, 3rd order Lagrangian Perturbation Theory and the spherical model approximation.
• It requires only one additional parameter which defines the transition from the long-range to the short-range regime. We find an optimal choice of this parameter to be in the range 4-5 h −1 Mpc for Gaussian smoothing.
• Similar to 2LPT it preserves the power on large scales.
• Since it is a one-step solver it is extremely fast and efficient as compared to N -body simulations.
The range of applications is very wide. Due to its improved modeling of structure formation this approach could be used for the following purposes:
• Set-up initial conditions for N -body simulations (see Crocce et al. 2006; Jenkins 2010) .
• Make mock galaxy catalogues (see 2LPT based approaches Scoccimarro & Sheth 2002; Manera et al. 2012; Kitaura et al. 2013) , which could be an improved tool for dark energy studies and cosmological parameter studies for present and future largescale structure surveys.
• Fast modeling of the Universe at high redshift to perform statistical analysis (e.g. Lyman-α forest, 21 cm line) (see 21CMFAST which uses the Zeldovich approximation, Mesinger et al. 2011 ).
• To analyse the cosmic structure (cosmic web classification) and perform environmental studies (Nuza et al. 2013 ).
• For the inference of the primordial density fluctuations to perform baryon acoustic oscillation (BAO) reconstructions (Eisenstein et al. 2007) or constrained simulations (Klypin et al. 2003) . The method presented here can be directly implemented in KIGEN (Kitaura 2013; to recover the initial conditions to perform constrained simulations see Heß et al. (2013) .
We will address each of these issues in forthcoming publications.
